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Abstract-The principal effect of property variation is to slightly increase the Nusselt number in the 
thermal entry region. Previous investigations have given solutions to the flow and heat transfer problems 
over the entire range of wall Reynolds and P&cl& numbers for a model of iamiuar, incompressibfe, steady, 
constant property flow. This note g&s the designer an indication of the [imitations of such a model. 
SpecificaiIy, for injection, eventually the Mach number and Reynolds numba of tb main cbannd flow 
will exceed the limits of the incompressible and laminar flow ~s~mptions. For suction, the heat -transfer 
pr~ictions cease to be valid near the point of complete mass extraction since the axial heat conduction now 

becomes im~rtant and cannot be assumed to be neg!i~bIe. 

NOMENCLATURE 

plate spacing; 
specific heat at constant pressure; 
hydraulic diameter, twice the plate 
spacing; 
enthalpy ; 

thermal ~ndu~tivity; 
Nusselt number, ~~~/~~~~ - Tb); 
pressure; 
k~~T/~y~ w, wall heat fhq 
dimensionless heat flux, q~~/k*T~; 
wall P&let number, Re,Pr; 
Prandtl number: 
gas constant ; 
main channel Reynolds number, DO/v; 
wall Reynolds number, positive for 
injection, Y$,/Y; 
fluid temperature; 

T+, temperature ratio, T/T,; 

T* local bulk fluid temperature; 
T ?v) local wall temperature; 

a, axial velocity; 

u, bulk axial velocity; 

r, transverse v&city ; 
V IV1 transver~ velocity at the wall; 
X, axial Cartesian coordinate; 
xi, inverse Graetz number, x/~R~~~; 

3% transverse Cartesian coordinate. 

Greek letters 

5 dimensionless transverse coordinate, 
1 - 2y/b; 

u dynamic viscosity; 
% kinematic viscosity ; 

Ps density; 

& bulk density, P/RTp 
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Superscript 
-. bulk conditions. 

Subscripts 

CP> constant property condition; 
0, conditions at the thermal entrance; 

w, conditions at the porous walls. 

INTRODUCTION 

Tms note provides results of an examination 
of the parallel porous plate entry problems for 
both constant wall temperature and constant 
wall heat flux boundary conditions for variable 
property, incompressible, steady, laminar gas 
flow with uniform injection or extraction. 
Constant property solutions to the thermal and 
combined entry problems have been reported in 
brief notes by the authors [l, 21. Raithby [3] has 
also given solutions to the constant property 
thermal entry problem. The results of this note 
have application to process flow reactors where 
condensation or evaporation are present. 

APPROACH 

By neglecting viscous dissipation and axial 
heat conduction and by invoking the usual 
boundary layer assumptions, the local con- 
tinuity, momentum and energy equations are: 

m4 + c?(p =L: o 

ax ay 

Note that the pressure is assumed to be de- 
pendent upon axial position only and is there- 
fore constant across the channel at any axial 
location. The solution of variable properties 
flow is more difficult than the constant property 
case due to the coupling of the energy and 
momentum equations. Solutions are limited to 
ideal gases only. The coupling comes about 
through the variation of density and transport 

properties with temperature. This variation is 
treated by employing a power law dependency 
with temperature in the same manner as 
Worsse-Schmidt and Leppert [4] 

cp/cp,o = (T/To)“‘12 (5) 

P/PO = (T/UO’“’ (6) 

k/k,, = (T/To)o.71 (7) 

where the exponents given are for air over the 
range 500-3OOO”R. The boundary conditions 
employed are no-slip and equal uniform injec- 
tion (suction) of mass at the walls and constant, 
equal temperature walls or constant, equal heat 
flux through the walls. Holding the wall mass 
flux, p,V,, constant is probably the model 
closest to a real engineering application. The 
local bulk enthalpy is defined as 

i@JHdL. 
&O, (8) 

ipvdy 

from which the bulk temperature, Tb, can be 
obtained. The injected or extracted fluid is 
assumed to be identical with that of the main 
channel flow and to be at local wall temperature 
when it enters or leaves the wall. 

A relatively simple finite control volume 
analysis is used. The method, described in detail 

by Doughty [5-J, consists of a sequential solution 
of equations (l)-(3) at each axial station and is a 
marching integration routine which depends 
upon the values obtained at the previous station. 
Velocity and temperature predictions at each 
step are taken to be complete when their values 
have converged to the sixth decimal place. A 91 
by 205 coordinate grid was used to accurately 
represent the flow development. A typical case 
requires about three minutes computation time 
on a CDC 6600 computer. 

RESULTS 

The local Nusselt number has been shown 
[l-3, 5] to be a function of the wall Reynolds 



VARIABLE PROPERTIES LAMINAR GAS FLOW HEAT TRANSFER 665 

Entry velocity profile 
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FIG. 1. Variation in heat transfer for several entry and property conditions, 
Re, = 2, Re, = 2083$ constant wall temperature. 

number and Prandtl number. When conditions Tz, one can obtain values for Re, down-stream 
at the wall are suddenly changed due to strong of the wall temperature change such that com- 
heating or coolin& both parameters are affected parisons can be easily made between constant 
by property variation. By proper selection of and variable property cases at the same Re,,,. 
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FIG. 2. Influence of injection upon the thermal development, 

cooling, T,’ = 0.355. 
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The local Nusselt number is not noticeabiy 
affected by property variation. For the uniform 
velocity entry profile, the difference between the 
constant and variable property solutions for a 
step change in wall temperature is so small that 
the easier constant property solution can be 
used to represent the variable property also. 
The differences between the solutions are shown 
for a representative case in Fig. 1. 
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FIG. 3. Influence of suction upon the thermal development, 
cooling, T,’ = 0.355. 

Holding the wall temperature constant and 
varying the injection rate produces the expected 
result of increasing convection causing the 
temperature profile to develop somewhat more 
quickly in the major portion of the thermal 
entry region. This can be seen in Fig. 2. For 
suction cases, the temperature profile initially 
develops slower than a light injection case, but 
as the flow slows, the transverse conduction 
becomes the dominant mechanism and the 

profile develops rapidly as the point of complete 
mass extraction is approached as shown in Fig. 3. 

A particularly important result is that for the 
case of heating and injection, the flow is strongly 
accelerated such that compressible flow must be 
considered for wall P&let numbers over 30. 
Also if one considers designing a long channel 
(X* > O-2) of high aspect ratio where Pe, 
exceeds 30, turbul~t flow effects should also be 
included in the analysis as tr~sition is expected. 

The constant positive heat flux boundary 
condition results in a continuously increasing 
wail temperature as the flow proceeds down the 
channel. As a direct consequence, the density, 
viscosity, wall Reynolds number and Prandtl 
number also change continuously. With the wall 
mass flux maintained constant along the channel, 
the wall Reynolds number variation becomes 

Re, = ~~V~~/~~ = constant/T~.67 (9) 

This indicates that with a continuously changing 
wall Reynolds number, fully developed solutions 
may not be possible, but instead one might have 
what could be called quasi-fully developed 
conditions for the flow parameters where the 
changes with axial displacement are small 
compared to those in the extreme entrance 
region (X+ < 0901). Extending the problem to 
its limits, as the wall temperature increases to 
infinity, the wall Reynolds number goes to zero 
and thus one can expect the Nusselt number to 
behave in an asymptotic fashion towards 8.235. 
The approach to the asymptotic value is a 
function of the heating rate. This is especially 
evident for the suction case shown iu Fig. 4 
where the heat transfer with variable properties 
is compared to constant property cases. One 
actually sees two effects, the first is the expected 
increase in Nusselt number in the extreme 
entrance region due to the variable property 
effects similar to that found for the constant 
temperature heated wall case. The second effect 
is peculiar to the constant heat flux boundary 
condition. Because the wall Reynolds number 
changes continuously, the Nusselt number will 
increase for flow with injection through the 
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FIG 4. Effect of property variation on Nusselt numbers for parallel porous 
plates, constant wall heat flux. 

thermal entry re&m over the constant property 
value for the same entry value of Re,. Somewhat I. 
similarly for flows with suction, the Nusselt 
number is initially higher than the 
property value but later drops below 
the imreasing waft Reynolds number. 
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TRANSFERT T~~RMIQUE FOUR UN ~CGULEMENT LAM~NAIR~ DUN GA2 A 
PRGPRIETES VARIABLES DANS LA REGION DENTREE DE PLAQUES PGREUSES 

PARALLELES 
RtikL’effet principal de la variation de prop&t& est d’accroitre le nombre de Nusselt dam la region 
d’entrie thermique. Des recherches anttrieures ont donne des solutions aux problemea de l’lcoulement et 
du transfert thermique dam le domaine entier des nombres de Reynolds et de P&let pous un mod& 
d’koulement famioaire, incompressible, permanent et ii propriete constanta Cet article donne une indiea- 
tion sur les ~~~tio~ d’un tel mod&. Pour l’injection, le nombre de Mach et c&i de Reyn&s de 
~~~~~t printipal en uutal depasseront ~~ntuellement les limites des hypotheses de ~~ou~nt 
laminaire incompressible. Pour la suction, les estimations sur le tram&t thermique ne sont plus valables 
pr& du point d’extraction massique complete puisque la conduction thermique axiale devient alors 

importante et ne peut &tre supposke negligeable. 
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W~R~E~BERTRAGUNG IM ~IN~UFBEREICH YON PORi)SEN PARALLEN PLAT-TEN 
BE1 LAMINARER GASSTRGMUNG MIT VER.&NDERLICHEN STOFFEIGENSCHAFTEN 

Znsammenfaaanng-Der Haupteffekt veranderlicher Stoffeigenschaften ftihrt zu einem leichten Anstieg 
der Nusselt-Zahf in der thermischen Einlaufzone. Frnhere Arbeiten gaben Ltisungen fur Stromungs- und 
W~~e~be~mgungsprobleme iiber den ganzen Bereich der Reynolds- und Prandt~-~hlen an, fiir ein 
Model1 der iaminaren, inkompressiblen, stationiiren StrSmung mit konstanten Stoffeigenschaften. Diese 
Verdffentlichung zeigt nun die Grenzen dieses Modells. Speziell ftir Ausblasung kann die Mach-Zahl 
und die Reynolds-Zahl der Kanalstriimung die Grenzen der Voraussetzungen fur inkompressible und 
laminare Stromung tibersteigen. Fur Absaugung verheren die Vorausberechmmgen fiir die W&rmei%er- 
tragnng ihre Giiltigkeit in der Niihe der voIls~ndigen ~assenstromab~ugung, da dann die axiale 

Wlrmeleitung spiirbar wird und nicht mehr vernach&sigt werden kann. 

AHHoTa~~~-OcHOsrlbInl @@eNTOM M3MeHeHHR CROriCTH NRJlReTCH Iie3H3YMTe,IbllOe yBe:IkI- 

qemie YmXa HyCCenbTa B TelIXOBOM HBY337bHOll y%CTlie. R pe3yJIbTaTe ll~e~~~y~~~x 

~icc~e~o~aH~~ 6~1nu peineabr :rana%r no r~~~~o~~~ia~~~i~e II Ten~oo~M~~~ &nn RCWO ~~arta30~~~ 
3waqewEiffi wcen Perrnonbfica n Hen.-IP iI3 CTeHKe B czysae cTaIg4oHapHorO :ramHaapHorO 

Te9eHm r~ecmmaekforo raaa c II~CTORHH~IMPI cBoikTBam. B pa6OTe AamTcR OqaHaqewsi 

A~FI TaIPOi4 Modem. B qacTHOCTLI, npr! sayBe 3HaYeHm wicen Maxa M PelHOnb~(Ca aan 

oC~051*0T0 rtoToKa R mkiaze I? fEoHe9zioh4 more 6yXyT npeFsbIruaTb npe,EeJIbHbIe :ma9eHm: 

~o~y~*~~~~e yns np~~6~i~~~eH~~ ~e~~~~ae~oro ra:ia II ~a~~KapHor0 Tewmm. 111)~ 0Teoce 

pa&THbIe AaHHbIe II0 TeINIOO6hleHy He XOQ'T 6bITb ~Il~SUWVIHBbIM~ R~JIWIII TOYHE FlOJIIiOrO 

oT5OAa Ma(XbI, THK KBK 3KCGfaJIbHafI TeIIJlOnpOBO~HOCTb B 3TOU CJIyWe CTaHORMTCFl CyqeCT- 

5ewwofi Rem Hemm2 npeHe6peraTb. 


